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� An electric KERS for internal combus
tion engine vehicles is proposed and 
studied . 
� The KERS makes use of a supercapacitor 

bank as energy storage element. . 
� A detailed mathematical model for the 

KERS performance evaluation is pre
sented. . 
� The efficiency of each KERS component 

is evaluated as function of time. .  
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A B S T R A C T   

In this two-part work, an electric kinetic energy recovery system (e-KERS) for internal combustion engine vehicle 
(ICEV) is presented, and its performance evaluated through numerical simulations. The KERS proposed is based 
on the use of a supercapacitor as energy storage, interfaced to a brushless machine through a properly designed 
power converter. In part 1, the system is described and analysed, and the mathematical model used for the 
simulations is presented. For each component of the KERS, the real efficiency, and the power or energy limi
tations are adequately considered. In part 2, the energetic and economic advantages attainable by the proposed 
KERS are evaluated using MATLAB Simulink, considering a widely diffused passenger car and two reference 
driving cycles (ECE-15 and Artemis Urban). Energy savings of the order of 20% were found, with a slight increase 
in vehicle weight (þ2%) and with an overall commercial cost that would be compensated in 5 years thanks to the 
fuel economy improvement, to which corresponds an equal reduction of CO2 emissions. The low complexity of 
the system, never proposed for ICEV, the moderate weight of its components, and their availability on the 
market, make the solution presented ready for the introduction in current vehicle production.   

1. Introduction 

The growing demand for sustainable mobility is driving researchers 

and vehicles manufacturers towards the exploration of low fuel con
sumption and environment-friendly solutions. The ever growing atten
tion to road transport emission and urban pollution [1], the advances in 
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the combustion and control of alternative and cost effective fuels [2,3], 
the optimal management of vehicles drive-lines [4,5] as well as the 
energy management techniques applied to electrified vehicles [6–9] are 
only few examples of the strong technological effort towards a sustain
able and emission free mobility. Nevertheless, one of the heaviest lack in 
the management of traditional internal combustion engines vehicles 
(ICEV) is the huge amount of energy lost during braking phases. The 
kinetic energy of a vehicle, if recovered and not dissipated as heat by the 
traditional braking system, can be efficiently employed for successive 
vehicle acceleration phases or for general vehicle energy requirement, 
and could substantially contribute to lower the energy consumption of 
the vehicles and the pollution associated. Studies show that, in urban 
driving situations, conventional braking systems discard as heat to the 
atmosphere about one third to one half of the energy of the power plant 
[10]. 

Several regenerative braking systems (RBS) or kinetic energy re
covery systems (KERS) have been proposed in literature, studied and 
optimized for different kind of vehicles (electric, hybrid or internal 
combustion engine vehicle), with different energy storage systems 
(mechanical, electrical, chemical, hydraulic), and suitable or not for 
retrofit application on current production vehicles. 

Regenerative braking has been intensively studied and implemented 
on hybrid electric vehicles (HEV) and fuel cell hybrid electric vehicles 
(FCHEV): in these vehicles, the presence of powerful electric machines 
(generator and motor) interfaced to high capacity energy storage (e.g. 
batteries1) easily allows to convert and store vehicle kinetic energy into 
electric energy, which is then employed for vehicle propulsion [11]. As a 
matter of fact, both HEV [12–14] and FCHEV [15–18] usually imple
ment electric KERS, exploiting the main storage system used for the 
traction in conjunction with supercapacitors, which allow a reduction of 
batteries intervention during vehicle regenerative braking or startup, 
thus enhancing batteries life cycle and maintaining their capacity 
performance. 

Also, pure electric vehicles (EV) may easily benefit from regenerative 
braking if equipped with an appropriately sized generator, i.e., a 
generator capable of managing the braking power [19–21]. Many RBS 
for electric vehicles are based on the combined use of supercapacitors 
and batteries; even if their first applications were characterized by a 
relatively low amount of power, the optimal energy management of the 
two different storage systems and the availability on the market of new 
batteries and supercapacitors has been allowing to increase the rated 
power of the vehicles [9,13,22–26]. The voltage adaptation between the 
starter/generator and/or the battery is usually performed by suitable 
power converters able to guarantee a bidirectional flow of energy with 
high efficiency [21,27]. In any case, the use of supercapacitor as unique 
storage solution in electric vehicles remains limited since their energy 
density cannot compete with batteries. A RBS used in an electric truck 
employing only supercapacitors showed that it is possible to conceive 
this storage system for traction purposes as well avoiding batteries if a 
low driving range can be accepted [28]. A comparison between super
capacitors and flywheels as secondary energy storage system on a pure 
electric vehicle [29] put in evidence that the use of SC is by far much 
more convenient than the use of a flywheel to manage extreme startup 
and regenerative braking. Recently, supercapacitors have also been 
conceived in railway systems where it is appreciable the improvement of 
energy consumption efficiency and reducing peak power demand and 
costs of operation in railways substations [30,31]. 

Unlike electrified vehicles, internal combustion engine vehicles are 
not equipped with generator, electric motor and batteries of adequate 
power and capacity to allow the conversion of the vehicle kinetic energy 
into electric energy, as well as its storage and re-utilization for vehicle 
propulsion. For this reason, the kinetic energy recovery systems 

successfully tested for ICEV application are mainly based on mechanical 
and hydraulic energy storage devices. Spring and elastomers, for 
example, have been considered as storage elements of the KERS, relying 
on the (mechanical) energy storable by deforming an elastomer or a 
metallic spring [32]: the main advantage consists on the efficiency of the 
system since the conversion into electric energy is not required. Simu
lations revealed that a 15% potential fuel economy improvement can be 
achieved, but, besides a significant space to be fitted, the system also 
requires the use of a continuous variable transmission (CVT), thus 
adding complexity and significant weight to the vehicle. 

Another pure mechanical system is represented by flywheel KERS, 
which stores the kinetic energy of the vehicle into rotational energy of a 
flywheel. As reported in literature [32,33] a flywheel-based KERS can 
recover up to 70% of vehicle kinetic energy and can reduce the fuel 
consumption of about 20%. Unfortunately, the energy recovered cannot 
be stored for a long time, due to mechanical and fluid dynamics friction 
on the flywheel. For this reason, vacuum chamber and magnetic bear
ings must be employed to obtain the best results. Moreover, to fully 
exploit its potential, this kind of KERS requires the use of a CVT and of 
lightweight composite flywheel: as an overall result, besides the added 
weight (65 kg for a 1800 kg vehicle), these high-technology components 
substantially increase the cost and complexity of the system. Average 
values for power and energy storage of high tech flywheel KERS are 
around 60 kW and 400 kJ, respectively [33]. 

Pneumatic and hydraulic KERS have also been studied for internal 
combustion engine vehicles: in these cases energy is stored by increasing 
the pressure of a fluid, which can be air (pneumatic type [34]) or a 
non-compressible fluid (hydraulic type [32]); the energy is then released 
back to the powertrain by decreasing the pressure of the fluid. Simula
tions showed that the pneumatic KERS with 300 kJ of energy storage 
may achieve a fuel efficiency improvement of about 20%, while a 
vehicle efficiency improvement of 35% is expected by hydraulic system 
with energy storage of 90 kJ. However, the additional space and weight 
of the added tanks and accumulators (considering a pneumatic type, a 
storage tank of 50 L is necessary for a 1-ton vehicle [34]) make this KERS 
more suitable for heavy vehicles, rather than for passenger cars. More
over, the required modifications to the powertrain, which should be 
endowed of a CVT, make them unsuitable for retrofit. 

The only kind of electric KERS currently studied and developed for 
internal combustion engine vehicles is represented by alternator-control 
KERS, which has been already introduced in the market by some car 
manufacturer (e.g., BMW Efficient Dynamics [35]): with this kind of 
systems, the alternator output is increased during braking phases, thus 
transferring part of the vehicle kinetic energy to the battery, whose 
energy is employed to supply electrical consumers of the vehicle, 
reducing the power absorbed by the alternator during vehicle positive 
traction phases. The advantage of this system relies on its immediate 
applicability to current ICEV production, but, being realized with 
components not dedicated or optimized for KERS application, the fuel 
economy improvement is limited, ranging from 1% to 5% [32]. 

In the present paper, the authors propose an electric KERS (e-KERS) 
for internal combustion engine vehicles composed of a supercapacitors 
bank (SC), used as electric energy storage system, a motor-generator 
unit (MGU) to convert vehicle kinetic energy into electric energy and 
vice versa, and a power converter (PC), whose task is to manage the 
power transfer between SC and MGU. The system was conceived to 
recover the vehicle kinetic energy during braking phases by charging the 
supercapacitor, whose stored energy is employed by the MGU for the 
successive vehicle acceleration. Even if, as already mentioned, SCs have 
been widely recognized in the last two decades as a valid storage system 
to face up with high peak power in hybrid vehicles [12–14], in electric 
vehicles [9,22,24,26,28] and in FCHEV [8,15–18], a wide literature 
research revealed that such an electric KERS has never been proposed or 
studied for ICEV application, above all employing a supercapacitor as 
single energy storage element. The use of a SC as single energy storage 
element has been proposed only when large spaces and weight were 

1 Although a battery is an energy converter, it is usually referred to as an 
energy storage, which is the same terminology adopted in this paper. 
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allowed, as in the case of electric city rail [36] or hybrid city bus [37], 
where energy saving of about 40% were obtained. 

Differently from any other electric KERS proposed for ICEV, the 
system proposed in this paper allows to use the recovered energy for 
vehicle acceleration, rather than for electric users supply, thus sub
stantially increasing the amount of recycled energy. Moreover, the low 
complexity of the system proposed, the reduced volume and weight of 
the components considered for KERS assembly and their immediate 
availability on the market, make the solution presented in this paper 
ready for the introduction in current vehicle production: this could 
substantially contribute to lower fuel consumption and the related 
pollutant emissions. Furthermore, differently from Formula 1 applica
tion,2 where the sizing of the KERS aims to maximize propulsion power 
[38], the guidelines followed in the present work aim to optimize the 
overall vehicle cost without causing a marked weight increase, thus 
allowing the power to be optimally managed during braking and ac
celeration phases. 

In this two-part study, the authors evaluate the plausible reduction of 
fuel consumption, and related CO2 emissions, that could be achieved by 
the implementation of the electric KERS proposed in traditional pas
senger cars endowed of the internal combustion engine (ICE), with the 
aim to improve their sustainability and environmental compatibility. 
The analysis performed in this first part aims to develop the mathe
matical tool for the simulation of the regenerative braking phase and the 
acceleration phase of the vehicle endowed with the KERS, while the 
evaluation of the energetic, environmental and economic benefits will 
be shown in the second part. 

It is also worth to highlight that the system proposed may contribute 
to the hybridization process of ICEV, already started with the develop
ment of the so-called starter-generators system [39], whose growth in 
power, control complexity and launching ability could further promote 
the use of supercapacitors as energy storage elements for KERS 
application. 

2. System description 

The kinetic energy recovery system proposed in this work is sche
matically represented in Fig. 1 together with the vehicle drivetrain: the 
supercapacitor (SC), which is the energy storage part of the system, is 
electrically interfaced, through an expressly designed power converter 
(PC), to the motor-generator unit (MGU), which is mechanically con
nected to the drive shaft via a fixed gear ratio. As it is clear, the whole 
system is conceived to be bidirectional, allowing the mechanical power 
to be converted into electrical power during vehicle braking phases, 
storing the recovered energy into the SC, and vice versa, using the stored 

energy to supply the electric motor to produce mechanical power during 
vehicle acceleration. 

The most interesting element of the KERS considered in this work is 
represented by the supercapacitor unit. Supercapacitors (often called 
ultracapacitors) are available on the market with capacitance values up 
to 3000 F and rated voltage up to 125 V, obtained by means of suitable 
series-parallel combinations of single SC units [40]. Supercapacitors 
have recently drawn more attention than batteries because of their faster 
response, implying a low discharge time (1–10 s for SCs against 
10–60 min for lithium-ion batteries) and enhanced cyclic stability 
(greater than 30,000 h for SCs, and only 500 h for batteries). A super
capacitor may hence be considered as a current pulse system to meet 
high current and specific power (10,000 W kg� 1) requirements for time 
interval within 1 min, as required in a drive system to fulfil the power 
demand for starting and recovering braking energy [9,11,20,25,26,28, 
29]. Supercapacitors can withstand half-million of cycles because of 
their storage mechanisms, which do not involve a reversible chemical 
reaction, and can operate at temperatures between � 40 and 100 �C [41] 
whereas batteries can be operated only between � 20 and 60 �C [42,43]. 
A crucial role in these advantages is played by materials. In particular, to 
achieve a good capacitance rating, a good electrode-electrolyte match is 
required [44]. New technologies and materials are described in 
Ref. [45], where the most attractive materials for electrodes (such as 
carbon-based materials, metal oxides, and conducting polymers) are 
presented, together with flexible solid state and quasi solid state 
supercapacitors [46], which employ metallic ions to enhance the energy 
density; finally waste materials are also proposed as highly cheap option 
to obtain supercapacitor electrodes, although some improvements are 
still necessary. Increasing attention is also being paid to flexible super
capacitors, above all as energy storage for wearable electrical devices 
[47], alone or in conjunction with solar cells [48], also supported by the 
use of carbon nanotube fibers [49]. 

As regards the MGU, the authors focused on brushless motors due to 
their prerogative of high efficiency, fast dynamic response, higher power 
density and longer lifetime with respect to common brushed motor; 
more in details, three-phase permanent magnet synchronous motors 
(PMSM) were selected for their prerogative of delivering high torque 
with low ripple; as it is known, this kind of motor requires a proper 
controller for the transformation of the DC power into three phases AC 
power. In the system proposed, the function of the power converter is to 
manage the power flow between the supercapacitor and the MGU: to this 
purpose it comprises both a DC/DC converter to fit the SC voltage to the 
MGU voltage (and vice versa), and an inverter for the control of the MGU 
through proper sinusoidal current waveforms. It must also be pointed 
out that, in this work, the brushless motor is assumed to be current- 
controlled, i.e., the torque delivered (or received) is controlled by con
trolling the phase-currents, as described in Ref. [50]. In the case here 
considered, the power converter, whose block diagram is reported in 
Fig. 2, is a buck/boost converter that can be operated in both step-up and 
step-down configuration, thus adapting the voltage of the SC to the 
voltage of the MGU [51]; its interleaved topology offers several ad
vantages compared to a traditional single inductor topology: the current 

Fig. 1. Drivetrain layout of the vehicle with KERS.  

Fig. 2. Scheme of the KERS proposed: as shown the power converter comprises 
both a DC/DC converter and a DC/AC inverter. 

2 In this case the energy storage has been realized by the use of lithium-ion 
battery pack. 
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can be shared among the inductors, thus allowing to reduce conduction 
losses; when small currents are concerned, a single inductor can be used, 
and the ripple on the current can be reduced by a phase displacement of 
the pulse width modulation signals, allowing a lower switching fre
quency to be adopted with advantage in terms of the minimization of 
switching losses. 

These conversion topologies have been recently studied to achieve 
high conversion efficiency assessing a high power density and a reduced 
cost per kW; a discussion on the optimization of the power converter is 
beyond of the scope of this paper, but further information can be found 
in Refs. [51–53]. 

The efficiency curve of such power converter [51] is reported in 
Fig. 3 as function of output and input percentage power (due to the high 
efficiency level, the two curves are almost overlapping): as it can be 
seen, for a power factor in the order of 5%, the efficiency reaches 0.90, 
while for power factor exceeding 10% of maximum, the efficiency re
mains at its best value, i.e., 0.93. 

The KERS proposed in this work is supposed to operate only during 
the transient vehicle phases, participating to vehicle acceleration in 
conjunction with the internal combustion engine, or to vehicle braking 
in conjunction with the mechanical braking system (e.g., a disc brake 
system or a drum brake system). More in detail, during a braking phase, 
the MGU acts as a generator and contributes to reducing the vehicle 
speed transferring part of the vehicle kinetic energy to the super
capacitor. During regenerative braking, hence, the power flows from the 
vehicle wheels to the MGU which charges the supercapacitor: in this 
case, the power converter fits the voltage of the MGU drive to the voltage 
of the SC and regulates the electric current supplied to the SC according 
to the power received by the MGU. 

During an acceleration phase, instead, the MGU acts as a motor and 
contributes to increasing vehicle speed, thus reducing the power de
mand to the internal combustion engine and, as a consequence, its fuel 
consumption and the related CO2 emissions. During an acceleration 
phase, hence, the MGU, supplied by the SC through the power converter, 
transmits the power to the drive shaft and therefore to the wheels: in this 
case, hence, the power converter adapts the SC voltage to the MGU 
voltage and controls the power transfer from the supercapacitor regu
lating the electric current supplied to the MGU. 

Considering the structure of the proposed KERS (see Fig. 1), the 
power flux involving each element is schematically reported in Fig. 4 
both for acceleration and for braking phase; this diagram helps to 
identify the magnitude of the power managed by each component of the 
KERS. 

3. Vehicle dynamics 

In general, the elementary equation which takes into account all the 
forces acting on the longitudinal dynamics of a vehicle is: 

FtracðtÞ � FbrðtÞ �
�
FaerðtÞ þFrollðtÞþFgravðtÞ þFdistðtÞ

�
¼mv ⋅

d vðtÞ
dt
¼mv⋅aðtÞ

(1)  

where mv represents the reference mass of the vehicle (which should also 
comprise the equivalent mass of the rotating parts), v(t) and a(t) are the 
vehicle speed and acceleration (functions of time t), Ftrac is the traction 
force acting on the vehicle as result of the overall motive power, Fbr is the 
braking force acting on the vehicle as result of the braking system, Faer is 
the drag force due to the impact with the air, Froll is the rolling resistance 
force on the wheels, Fgrav is the force of gravity acting in the case of a 
slope and Fdist takes into account any other disturbance force of motion, 
as it could be for example the wind. 

The sum of the forces within square brackets constitutes the road load 
Froad, which is the resistance to movement and must be overcome by the 
vehicle to move forward. 

FroadðtÞ¼FaerðtÞ þ FrollðtÞ þ FgravðtÞ þ FdistðtÞ (2) 

Hence equation (1) becomes: 

FtracðtÞ � FbrðtÞ � FroadðtÞ ¼ mv⋅aðtÞ (3) 

It is worth to underline that both the resistance to movement Froad 
and the braking force Fbr always act in the opposite direction of the 
vehicle speed, thus producing a braking effect; as can be observed in 
equation (3), in this work these forces have been considered positive, 
leaving their braking role to the negative sign; on the contrary, the 
traction force Ftrac is considered positive when acting in the same di
rection of vehicle speed. To the purpose of this work, the contributions 
due to Fgrav and Fdist forces were neglected, since the vehicles were 
considered to operate in a horizontal plane and without any disturbing 
forces (as therefore assumed for the execution of standard driving cy
cles). The aerodynamic resistance Faer can be calculated as: 

FaerðvÞ¼
1
2
δa ⋅Af ⋅ cxðvÞ⋅v2 (4)  

where δa represents the air density (1.225 kg m� 3 in standard condi
tions), Af is the frontal area of the vehicle and cx is the drag coefficient, 
which takes into account the air resistance on the vehicle’s profile and 
may vary with vehicle speed. The rolling resistance Froll can be evaluated 
as: 

FrollðvÞ¼ crðv; pÞ⋅mv⋅g (5)  

being g the gravitational acceleration and cr the rolling resistance co
efficient, which, besides a marked dependence on the vehicle speed v, 
should also vary with the tires pressure p. For convenience, however, in 
this work both the drag coefficient cx and the rolling resistance coeffi
cient cr were considered constant. 

As a result, multiplying the forces of equation (1) for the vehicle 
speed v(t), the power balance is obtained: 

PtracðtÞ � PbrðtÞ ¼ FroadðtÞ⋅vðtÞ þ mv⋅aðtÞ⋅vðtÞ ¼ ProadðtÞ þ PIðtÞ (6)  

where Proad (¼Froad⋅v) is the road load power, that is the power necessary 
to counterbalance the resistance to movement, while PI (¼mv⋅a⋅v) is the 
inertial power which instead accounts for the power required by inertia 
force. As already pointed out, both braking power Pbr and road load 
power Proad have been considered positive, being their braking function 
left to the negative sign with respect to traction power. 

Equation (6) comprises both traction and braking forces, which in 
practical situations are not simultaneously present. In a real application, 
instead, one of the following motion conditions is realized: acceleration, 
constant speed, braking, coasting. 

An acceleration process is characterized by a(t) > 0 and obviously 
Pbr¼0, hence 

PtracðtÞ¼mv⋅aðtÞ⋅vðtÞ þ ProadðtÞ ¼ PIðtÞ þ ProadðtÞ (7) 
Fig. 3. Power converter efficiency as function of both percentage output and 
input power. 
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to perform the acceleration a(t) > 0, the vehicle requires the sum of the 
road load power Proad (>0) and the inertial power PI (positive because a 
(t) > 0). In other words, due to the braking effect of the resistance to the 
movement, the energy required to accelerate the vehicle is higher than 
the variation of the vehicle kinetic energy. In the KERS here proposed, 
the function of the MGU, during an acceleration phase, is to contribute 
to the inertial power PI, exploiting the energy stored in the super
capacitor, thus reducing the power demand to the thermal engine. The 
road load power Proad is instead considered entirely balanced by the 
thermal engine, which also has to supply the remaining part of the in
ertial power. It is evident that, if the MGU completely fulfils the inertial 
power PI, the internal combustion engine has to provide only the road 
load power. 

When moving with constant speed, a(t)¼0 and Pbr¼0, hence 

PtracðtÞ¼ProadðtÞ (8)  

the inertia force is null and the vehicle requires only the power necessary 
to counterbalance the resistance to movement. In this condition, the 
KERS proposed by the authors does not operate. 

When coasting, the vehicle proceeds without traction or braking 
forces (Pbr¼0, Ptrac¼0), and hence, as shown by equation (3), reduces its 
speed with a negative acceleration (a(t) < 0) as a result of the resistance 
to movement: 

mv ⋅ aðtÞ ¼ � FroadðtÞ (9)  

or, which is the same, 

PIðtÞ¼mv⋅aðtÞ⋅vðtÞ ¼ � ProadðtÞ (10) 

According to the approach followed in this paper, also this condition 
does not imply any KERS operation. 

In a braking phase, instead, the negative vehicle acceleration is the 
effect of braking action, hence Pbr>0 (and obviously Ptrac¼0); equation 
(6) thus gives: 

PbrðtÞ¼ � mv⋅aðtÞ⋅vðtÞ � ProadðtÞ ¼ � PIðtÞ � ProadðtÞ (11)  

which means that, to produce the required negative acceleration a(t), 
due to the braking effect of the road load, the power that the braking 
system (which may include the action of the KERS) must absorb is lower 
than the absolute value of the inertial power. This means that the inertial 
power cannot be entirely recovered during regenerative braking, but 
only the fraction Pbr(t). In other words, due to the braking effect of the 
road load, the vehicle kinetic energy cannot be entirely recovered. The 
function of the MGU during such a braking phase is, hence, to convert 
and transfer (as much as possible) part of the braking power Pbr(t) to the 
supercapacitor, whose stored energy will be employed for successive 
vehicle accelerations. 

4. Mathematical model 

The evaluation of the energetic performances obtainable by the 
system proposed was carried out through numerical simulation per
formed by MATLAB Simulink. In the following sections, a detailed 
description of the equations employed in the numerical simulations is 
given; for a better understanding, the reader should refer to the power 
fluxes reported in Fig. 4. As already clarified, the KERS proposed in this 
paper is supposed to operate only during transient phases, reducing the 
power demand to the thermal engine during vehicle accelerations, and 
recovering part of the vehicle kinetic energy during the braking phases. 
It is worth to point out that the calculation always proceeds from the 
wheel (where the required acceleration or braking power is known) to 
the supercapacitor: as a result, in the simulation regarding vehicle ac
celeration, for each element of the KERS, the output power was deter
mined first; in the simulation regarding vehicle braking, instead, the 
input power of each KERS component was evaluated first. 

4.1. Acceleration phases 

Focusing on the acceleration phases (i.e. a(t) > 0), the required 
vehicle traction power (see equation (7)) can be written as: 

PtracðtÞ¼PIðtÞþProadðtÞ ¼
�
PMGUðtÞ ⋅ ηGþPengðtÞ ⋅ ηT

�
⋅ηD (12)  

being the net contribution of the MGU reduced by the efficiency ηG of the 
gear adopted (as represented in Fig. 1) between the brushless motor and 
the drive shaft, Peng the power demand to the internal combustion en
gine, ηT and ηD the efficiency of the main transmission and of the final 
differential gear respectively. It is worth to remember that the vehicle 
acceleration condition is a(t) > 0 (⇒PI(t) > 0) and differs from 
Ptrac(t) > 0, since, due to the road load power Proad(t), the traction power 
Ptrac(t) is positive also when the vehicle proceeds with constant speed (a 
(t) ¼ 0). 

As regards the brushless motor, a model was adopted to evaluate the 
input power PMGU,in(t) of the motor as a function of the output power 
PMGU(t). The power balance of the brushless motor can be represented 
as: 

PMGUðtÞ ¼TMGUðtÞ⋅ω ðtÞ ¼ PMGU;inðtÞ � LMGUðtÞ � I⋅α ðtÞ⋅ω ðtÞ (13)  

where the output power PMGU(t) is the product between the motor 
rotation speed ω(t) and the torque TMGU(t) delivered, LMGU(t) represents 
the sum of the power losses in the MGU, and the last term represents the 
inertial power absorbed by the brushless motor (whose rotational inertia 
is I) subjected to the angular acceleration α(t). On the basis of [54,55] 
the power losses in the MGU were subdivided into:  

1) resistive and power interrupter losses, LR(t) 

Fig. 4. Schematic representation of the KERS power fluxes in both acceleration and braking phase.  
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2) mechanical friction losses, LF(t)  
3) windage losses, LW(t) 

The first kind of losses mainly depend on the square value of the 
MGU phase current, and, in turn, on the square value of the current on 
the DC side of the MGU controller iMGU(t). Indicating with R the pro
portionality constant, the resistive losses can be expressed as: 

LRðtÞ¼R⋅iMGU
2ðtÞ (14) 

As regards the second kind of losses, according to the usual hy
pothesis of constant friction torque ¼ TF, a proportionality with the rotor 
angular velocity ω(t) can be assumed, i.e.: 

LFðtÞ¼ TF⋅ω ðtÞ (15) 

The third kind of losses, as is generally done, were considered pro
portional to the cube of the rotor angular velocity by means of the 
parameter k. Summing up, the power losses in the MGU were modelled 
as: 

LMGUðtÞ¼ LRðtÞ þ LFðtÞ þ LWðtÞ ¼ R⋅i2MGUðtÞ þ TF ⋅ω ðtÞ þ k⋅ω3ðtÞ (16) 

The losses parameters R, TF, and k of the MGU can be obtained using 
statistical regression of the experimental data provided by the motor 
manufacturer. As an example, Fig. 5 shows the agreement between the 
measured efficiency and the efficiency computed by the model for the 
brushless motor Motenergy M1115 [56]. 

Once calibrated, the motor model allows to determine the necessary 
DC input power to the MGU (i.e. PMGU,in(t)), which must be provided by 
the power converter as the product of the supply voltage VMGU for the 
current iMGU(t): 

PPCðtÞ ¼PMGU;inðtÞ ¼ VMGU ⋅iMGUðtÞ (17) 

The power balance of the brushless motor of equation (13) hence 
becomes: 

VMGU ⋅ iMGUðtÞ � TMGUðtÞ⋅ω ðtÞ � R⋅iMGU
2ðtÞ � TF⋅ω ðtÞ � k⋅ω3ðtÞ

� I⋅α ðtÞ⋅ω ðtÞ
¼ 0 (18) 

Equation (18) allows determining the input current to the MGU 
controller iMGU(t), once the torque to deliver TMGU(t) is known. Three 
constraints must be however taken into consideration: the first regards 
the torque delivered by the motor, which is limited by the stall torque 
TMGU,stall, which is a characteristic of the brushless machine. The second 
constraint regards, instead, the input current to the MGU controller, 
which cannot exceeds the maximum allowed value iMGU,max, that is 
another important characteristic of the brushless machine. This further 
limits the torque that the brushless motor can deliver to the value TMGU, 

CL(t), which can be obtained by equation (18) once the maximum cur
rent iMGU,max is considered, i.e.: 

TMGU;CLðtÞ¼
VMGU ⋅iMGU;maxðtÞ

ω ðtÞ �
R⋅iMGU;max

2ðtÞ
ω ðtÞ � TF � k⋅ω2ðtÞ � I⋅α ðtÞ

(19) 

It is worth noting that the current limited torque TMGU,CL(t) depends 
on the motor rotation speed ω(t). 

Besides the two constraints already mentioned, in the system pro
posed the power produced by the brushless motor can be further limited 
by the instantaneous power availability at the supercapacitor PSC,max(t): 

PSC;maxðtÞ ¼VSCðtÞ⋅iPC;max (20)  

this power availability depends on the instantaneous working voltage 
VSC(t) of the supercapacitor, which continuously varies during KERS 
operation together with the amount of energy stored (and is evaluated 
through equation (35)), and on the maximum current allowed in the 
power converter iPC,max, which, as will be shown in the paper Part 2, is 
determined in the KERS sizing procedure to meet its power requirement. 

As also shown by Fig. 4, the limited output power availability at the 
supercapacitor may limit the input power to the MGU, whose working 
current may hence be restricted to: 

iMGU;SLðtÞ¼
PSC;maxðtÞ⋅ηPCðtÞ

VMGU
¼
VSCðtÞ⋅iPC;max⋅ηPCðtÞ

VMGU
(21)  

being ηPC(t) the power converter efficiency, whose value, as shown 
further on, can be evaluated through equation (31). As a result, the 
motor output torque is further limited to the value TMGU,SL(t) obtained 
by equation (18) once the supercapacitor limited current iMGU,SL(t) of 
equation (21) is considered, i.e.: 

TMGU;SLðtÞ¼
VMGU⋅iMGU;SLðtÞ

ω ðtÞ �
R⋅iMGU;SL

2ðtÞ
ω ðtÞ � TF � k⋅ω2ðtÞ � I⋅α ðtÞ (22) 

For each rotation speed ω(t), hence, the maximum torque TMGU, 

max(t) that the brushless motor can deliver is: 

TMGU;maxðtÞ¼minðTMGU;stall; TMGU;CLðtÞ;TMGU;SLðtÞÞ (23)  

and the consequent maximum motive power that the brushless motor 
can deliver is: 

PMGU;maxðtÞ ¼TMGU;maxðtÞ⋅ω ðtÞ (24) 

As clarified by the layout reported in Fig. 1, the motor rotation speed 
ω(t) depends on the vehicle speed v(t) through the vehicle wheel radius 
RW, the brushless gear ratio τG and the final gear ratio τD: 

ω ðtÞ ¼ vðtÞ
RW

⋅τG⋅τD (25) 

Analogously, the motor acceleration α(t) can be evaluated on the 
basis of the vehicle acceleration a(t): 

αðtÞ ¼ dω ðtÞ
dt
¼
aðtÞ
RW

⋅τG⋅τD (26) 

Both wheel radius RW and differential final gear ratio τD depend on 
the vehicle while the brushless gear ratio τG was fixed considering to 
reach the maximum motor rotation speed at the vehicle speed of 
60 km h� 1 (i.e., the maximum value within urban driving cycles): it is 
worth to point out that, according to the system proposed, brushless 
motor and drive shaft must be disengaged when vehicle speed exceeds 
60 km h� 1. 

As already clarified, in the present paper the motor contribution was 
restricted to the inertial power PI(t) necessary for vehicle acceleration; 
as a consequence, in the simulation performed, the power produced by 
the MGU was evaluated as: 

PMGUðtÞ ¼min
�

PMGU;maxðtÞ;
PIðtÞ
ηG⋅ηD

�

(27) 
Fig. 5. Comparison between measured and simulated brushless motor effi
ciency (based on Motenergy ME1115, 69 VDC, 3000 rpm [56]). 
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where the gear efficiency ηG was assumed 0.97 while the efficiency of 
the differential ηD was assumed 0.93. 

Once determined the power produced by the MGU, the power de
mand to the internal combustion engine Peng can be deduced from 
equation (12) as the necessary complement to the total required traction 
power: 

PengðtÞ¼
PtracðtÞ
ηD⋅ηT

�
PMGUðtÞ

ηT
⋅ηG ¼

PIðtÞ þ ProadðtÞ
ηD⋅ηT

�
PMGUðtÞ

ηT
⋅ηG (28) 

In the system proposed, during an acceleration phase, the MGU is 
supplied by the power converter, whose output power PPC(t), as also 
shown in Fig. 4, constitutes the input power PMGU,in(t) to the MGU and 
can be determined by equations (17) and (18). The power converter, in 
turn, is supplied by the supercapacitor, whose output power (as shown 
in Fig. 4) is hence: 

PSCðtÞ ¼
PPCðtÞ
ηPCðtÞ

(29)  

being ηPC(t) the power converter efficiency, evaluated on the basis of the 
normalized output power (¼PPC (t)/PPC,max) through equation (30). It is 
worth to note that the limit of the maximum available power at the 
supercapacitor PSC,max(t) is already respected through equation (27). 

As regards the power converter efficiency ηPC(t), an analysis per
formed by means of Curve Expert on the data plotted in Fig. 3 allowed to 
determine its expression as a function of the normalized output power 
xPC(t)¼PPC(t)/PPC,max: 

ηPCðtÞ ¼ 0:930 � 1:009⋅expð � 26:16⋅xPCðtÞ0:6128� (30)  

or as function of the normalized input power xPC,in(t)¼PPC,in(t)/PPC,in, 

max: 

ηPCðtÞ ¼ 0:930 � 280:7⋅expð � 15:82⋅xPC;inðtÞ0:1766� (31) 

The energy content of the supercapacitor during the (emptying) ac
celeration process is hence evaluated through the integration of the 
power delivered by the supercapacitor, taking into account its 
efficiency: 

ESCðtÞ ¼
Z

Ei

dESC ¼

Z

Ei

�
PSCðtÞ
ηSCðtÞ

dt (32)  

where Ei denotes the initial energy content of the SC. The efficiency of 
the supercapacitor was evaluated by means of its equivalent series 
resistance (ESR): 

ηSCðtÞ¼ 1 �
iSCðtÞ⋅ESR
VSCðtÞ

(33)  

where VSC(t) and iSC(t) represent the supercapacitor instantaneous 
working voltage and current. Given the relation between the energy 
stored in the supercapacitor ESC(t) and its working voltage: 

ESCðtÞ ¼
1
2
⋅C⋅V2

SCðtÞ (34)  

the supercapacitor working voltage is evaluated as: 

VSCðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2⋅ESCðtÞ

C

r

(35)  

being C the nominal capacitance of the supercapacitor. 
The supercapacitor current can be hence evaluated on the basis of the 

power demand PSC(t) calculated in equation (29): 

iSCðtÞ ¼
PSCðtÞ
VSCðtÞ

(36) 

The supercapacitor voltage VSC(t) also allows to determine its 

instantaneous maximum available power PSC,max(t): 

PSC;maxðtÞ ¼VSCðtÞ⋅iPC;max (37)  

which represents the maximum power that during an acceleration phase 
can be delivered by the supercapacitor to the converter, and puts a limit 
to the supercapacitor rate of discharge (equations (32)) and to the power 
delivered by the brushless motor (equations (21)). 

To account for the necessary minimum working voltage of the 
supercapacitor VSC,min (assumed to correspond to 40% of the rated 
storable energy), the integral of equation (32) is limited in the lower 
values, i.e., a minimum is imposed to the energy stored in the 
supercapacitor: 

ESC;min¼ 0:4⋅ESC;max ¼
1
2
⋅C⋅V2

SC;min (38) 

Once reached this minimum energy content in the SC, the system is 
considered unable to produce power for vehicle acceleration, and the 
MGU output is considered null, thus making all the necessary traction 
power Ptrac(t) entirely provided by the thermal engine: 

PMGUðtÞ ¼ 0 ​ ​ if ​

8
<

:

aðtÞ > 0
AND

ESCðtÞ ¼ ESC;min

(39)  

4.2. Braking phases 

Focusing now on vehicle braking phases, the power Pbr(t) > 0 that 
must be absorbed for vehicle deceleration (a(t) < 0) is: 

PbrðtÞ¼ � mv⋅aðtÞ⋅vðtÞ � ProadðtÞ ¼ � PIðtÞ � ProadðtÞ (40) 

Unlike the acceleration case, the authors supposed that, in a braking 
phase, the KERS contribution is not restricted, to convert as much as 
possible of the braking power. However, also in this case, several con
straints limit the power that can be recovered by the brushless machine, 
now acting as a generator, or by the supercapacitor. For the analysis of 
the brushless generator performances, a model was adopted to evaluate 
the power received and transferred, taking into account the same losses 
considered when acting as a motor, hence: 

VMGU ⋅ iMGUðtÞ ¼ TMGUðtÞ⋅ω ðtÞ � i2MGUðtÞ⋅R � TF⋅ω ðtÞ � k⋅ω3ðtÞ

� I⋅α ðtÞ⋅ω ðtÞ (41) 

As it is clear, in a braking case, the input is the mechanical power 
ω(t)⋅TMGU(t) received through the drive shaft; after reductions due to 
resistive and power interrupter losses, to friction losses and windage 
losses, the remaining power is converted into DC electrical power 
VMGU⋅iMGU(t) by the inverter. It is worth noting that, in a braking phase, 
the brushless angular acceleration α(t) is negative, and hence the rotor 
inertial power constitutes a positive power input to the brushless 
generator. Given hence the mechanical input power, equation (41) al
lows to determine the current iMGU(t) and hence the related power 
transmitted by the brushless generator to the power converter. 

Once again, several limitations must be adequately taken into ac
count for the calculation of the power received and converted by the 
KERS: first of all, the maximum torque that the brushless generator can 
receive cannot exceeds the stall torque TMGU,stall. The second limitation is 
represented by the maximum current iMGU,max allowed on the DC side of 
the MGU controller, which further restricts the torque that can be 
transformed by the brushless generator to the value TMGU,CL(t), evalu
ated through equation (41) with the use of the maximum allowed cur
rent, i.e.: 

TMGU;CLðtÞ¼
VMGU ⋅iMGU;maxðtÞ

ω ðtÞ þ
R⋅i2MGU;maxðtÞ

ω ðtÞ þ TF þ k⋅ω2ðtÞ þ I⋅α ðtÞ (42) 

As also pointed out in the acceleration case, the current limited 
torque TMGU,CL(t) depends on the motor rotation speed ω(t). 
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The third limitation to consider is related to the maximum power 
that the supercapacitor can receive PSC,max(t) (see equation (54)), which 
may limit the power transfer between MGU and power converter, and 
hence, the input torque to the generator; considering that, in the braking 
case, the current limit imposed by the supercapacitor is: 

iMGU;SLðtÞ¼
PSC;maxðtÞ

VMGU⋅ηPCðtÞ
¼
VSCðtÞ⋅iPC;max
VMGU⋅ηPCðtÞ

(43)  

it follows that the torque received by the brushless generator is limited 
to the value TMGU,SL(t) obtained by equation (41) when the current iMGU, 

SL(t) is considered: 

TMGU;SLðtÞ ¼
VMGU ⋅iMGU;SLðtÞ

ω ðtÞ þ
R⋅iMGU;SL

2ðtÞ
ω ðtÞ þ TF þ k⋅ω2ðtÞ þ I⋅α ðtÞ (44) 

In equation (43) the power converter efficiency ηPC(t) is determined 
through equation (30) on the basis of the normalized output power 
xPC¼PSC,max(t)/PPC,max. 

As a result, for each rotation speed ω(t), the maximum torque TMGU, 

max(t) that the brushless generator can receive during a braking phase is: 

TMGU;maxðtÞ¼minðTMGU;stall;TMGU;CLðtÞ;TMGU;SLðtÞÞ (45)  

and hence, the maximum power that the brushless machine can receive 
during a braking phase is: 

PMGU;in;maxðtÞ ¼TMGU;maxðtÞ⋅ω ðtÞ (46) 

Taking into consideration the efficiency ηG of the brushless gear, the 
input power to the brushless generator PMGU,in(t) can be computed once 
the braking power Pbr(t) is known: 

PMGU;inðtÞ ¼minðPMGU;in;maxðtÞ ; PbrðtÞ ⋅ ηG ⋅ ηD Þ (47) 

Once determined the power received by the MGU, the input power 
PPC,in(t) to the converter is computed through equation (41): 

PPC;inðtÞ ¼VMGU ⋅iMGUðtÞ ¼ PMGU;inðtÞ � iMGU
2ðtÞ⋅R � TF ⋅ω ðtÞ � k⋅ω3ðtÞ

� I⋅α ðtÞ⋅ω ðtÞ
(48) 

The power input to the supercapacitor is hence evaluated as: 

PSC;inðtÞ¼PPC;inðtÞ⋅ηPCðtÞ ¼ VMGU⋅iMGUðtÞ⋅ηPCðtÞ (49)  

where the efficiency ηPC(t) of the power converter is computed by means 
of equation (31) on the basis of its normalized input power xPC,in¼PPC, 

in(t)/PPC,in,max. 
The energy content of the supercapacitor during a (filling) braking 

phase is then determined integrating its effective input power, i.e.: 

ESCðtÞ ¼
Z

Ei

dESC ¼

Z

Ei

PSC;inðtÞ⋅ηSCðtÞ dt (50)  

where the SC efficiency is again evaluated as: 

ηSCðtÞ¼ 1 �
iSCðtÞ⋅ESR
VSCðtÞ

(51)  

being VSC(t) the SC working voltage calculated by means of the energy 
content ESC(t) and of the capacitance C of the supercapacitor: 

VSCðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2⋅ESCðtÞ

C

r

(52)  

while the current iSC(t) is evaluated on the basis of the power input to the 
supercapacitor (equation (49)): 

iSCðtÞ ¼
PSC;inðtÞ
VSCðtÞ

(53) 

The supercapacitor voltage VSC(t) also allows to determine its 

instantaneous maximum input power PSC, max(t): 

PSC;maxðtÞ ¼VSCðtÞ⋅iPC;max (54)  

which, as shown in equation (47), limits the power that can be trans
ferred during a braking phase, and hence the supercapacitor rate of 
charge (equations (50)). 

As obvious, the integration in equation (50) was limited to the 
maximum energy storable in the supercapacitor, which is: 

ESC;max¼
1
2

⋅C⋅V2
SC;max (55) 

Once reached this upper limit, the KERS is considered unable to 
receive further power, the input power to the MGU is considered null, 
thus making all the necessary braking power Pbr(t) entirely provided by 
the mechanical braking system of the vehicle: 

PMGU;inðtÞ¼ 0 ​ ​ if ​

8
<

:

PbrðtÞ > 0
AND

ESCðtÞ ¼ ESC;max

(56)  

5. Discussion 

The mathematical model presented in this paper is intended to 
simulate the regenerative braking phases and the acceleration phases of 
an internal combustion engine vehicle endowed of the proposed KERS. 
With the aim to fairly evaluate the performance of the system proposed 
and to obtain useful and reliable results from simulations, the authors 
carefully took into account the losses which could impair the efficiency 
of both energy recovery and energy re-utilization. However, a possible 
source of error of the mathematical model may derive from the not 
considered parasitic resistances of cables and contacts, which, in the real 
system, will be necessarily present to connect the KERS components. The 
authors decided to left out these resistances because their magnitude 
greatly depends on the real system layout (e.g., on the distance between 
the supercapacitor, power converter, and brushless machine) and, as a 
general rule, should remain negligible with respect to the main losses 
already considered. 

Reproducibility, which is a fundamental aspect of scientific and 
technological research, was also considered by the authors: when 
dealing with numerical simulations, reproducibility allows a different 
team to reproduce the same simulation experiment based on the detailed 
specifications of its scenario and of the model employed [57]. The 
author focused hence on both model reproducibility and results repro
ducibility, as defined in Ref. [58]. As regards the model reproducibility, 
meaning to provide sufficient details about procedures and data so that 
the same evaluation can be exactly repeated, the model was given in 
terms of simple power balance equations, involving either the whole 
vehicle or some particular element of the KERS. The equations of the 
model can be numerically integrated, or implemented by a suitable 
software (Simulink was employed by the authors, as reported in the 
second part of this work), to describe the behavior of the studied system 
and the power flows between the KERS components. Several parameters 
take part in the definition of the model equations, with different origin:  

1) some parameters are derived from the scientific literature, as, for 
example, the tires rolling resistance coefficient, the final drive effi
ciency, the fixed gear ratio efficiency, etc.  

2) other parameters are derived from vehicle specifications (as example 
the vehicle mass and frontal surface area, wheel radius, drag coef
ficient, etc.) or by the manufacturer of the KERS component (e.g. the 
maximum voltage levels and maximum allowed currents of super
capacitor and brushless machine, the MGU peak torque, the rated 
capacitance and ESR of the supercapacitor, the power converter ef
ficiency, etc.) 

3) other parameters instead are not directly provided and must be ob
tained by means of statistical regression performed on experimental 
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data provided by the manufacturer, as the losses parameters of the 
MGU, which, as already shown in Fig. 5, were obtained minimizing 
the mean square error between the experimental efficiency values 
obtained by the manufacturer and the efficiency values obtained by 
the losses model of equation (16). 

As regards the results reproducibility, meaning to obtain the same 
results from an independent study with same procedures of the original 
study, the scenario (intended as the exogenous stimuli applied to the 
system [57]) must be adequately defined. For the application considered 
in this study, the scenario is represented by the vehicle speed and ac
celeration as a function of time, besides vehicle specifications and KERS 
features. As reported in the second part of this work, the authors adopted 
standard driving cycles (ECE-15 and Artemis Urban were considered) as 
standard scenario not only to guarantee the reproducibility of simula
tions and results, but also to allow the experimental validation of the 
findings. Moreover, with the aim to limit the reproducibility error, all 
the necessary parameters have been considered using at least three 
significant digits. 

6. Conclusions 

In this first part of a two-papers work, the authors propose an electric 
KERS for internal combustion engine vehicle. The system was conceived 
to recover the vehicle kinetic energy during braking phases, to be re- 
used in successive vehicle acceleration phases, so as to reduce the 
power demand to the internal combustion engine, and, as a conse
quence, the related fuel consumption and pollutant emissions. An ac
curate description of the system proposed is given in this first paper, 
together with a detailed mathematical model realized by the authors 
with the aim to evaluate the probable energetics and economics per
formances of the KERS by numerical simulations. For each component of 
the KERS, the model evaluates its real efficiency during operation, tak
ing into account the limitations introduced in terms of both storable 
energy or transferrable power. The energetic benefits introduced by the 
implementation of the proposed KERS on a passenger car are evaluated 
in the second part of this work by means numerical simulation per
formed with Matlab Simulink. 
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8. Symbols and abbreviations 

a, a(t): vehicle acceleration, as function of time t 
Af: frontal area of the vehicle 
C: capacitance 
CNG: compressed natural gas 
CVT: continuous variable transmission 
cr: rolling resistance coefficient 

cx: drag coefficient of the vehicle 
ESC: energy stored in the supercapacitor 
ESC,max: maximum storable energy in the supercapacitor 
ESC,min: minimum allowed energy content of the supercapacitor 
ECE-15: European urban driving cycle 
ESR: equivalent series resistance of the supercapacitor 
EUDC: European extra urban driving cycle 
Faer: vehicle aerodynamic resistance 
Fbr: braking force acting on the vehicle 
Fdist: external disturbance force acting on the vehicle 
Fgrav: force of gravity acting on the vehicle in the case of a slope 
Froad: road load (vehicle resistance to the movement) 
Froll: vehicle rolling resistance 
Ftrac: traction force acting on the vehicle 
I: MGU rotor inertia 
iMGU: current on the DC side of the MGU controller 
iMGU, max: maximum allowed current on the DC side of the MGU controller 
iMGU, SL: MGU current limit imposed by the maximum power output of the supercapacitor 
iPC,max: maximum allowed current in the power converter 
iSC: current in the supercapacitor 
ICE: internal combustion engine 
ICEV: internal combustion engine vehicle 
k: windage losses constant of the MGU 
KERS: kinetic energy recovery system 
LF: mechanical friction losses of the MGU 
LMGU: MGU power losses 
LR: resistive and power interrupter losses of the MGU 
LW: windage losses of the MGU 
mv: vehicle mass 
MGU: motor-generator unit 
nMGU, max: maximum rotation speed of the MGU 
NEDC: new European driving cycle 
p: tires pressure 
Pbr: braking power 
pE: loss of energy Boolean variable 
Peng: power output from the internal combustion engine 
PI: inertial power 
pL: loss of power Boolean variable 
PMGU: power output from the MGU 
PMGU,max: maximum power output from the MGU 
PMGU,in: power input to the MGU 
PMGU,in,max: maximum power input to the MGU 
PPC: power output from the power converter 
PPC,max: maximum power output from the power converter 
PPC,in: power input to the power converter 
PPC,in,max: maximum power input to the power converter 
Proad: road load power 
PSC: power output from the supercapacitor 
PSC,in: power input to the supercapacitor 
PSC,max: maximum power output from the supercapacitor 
Ptrac: traction power acting on the vehicle 
PC: power converter 
PMSM: permanent magnet synchronous motor 
R: the resistive losses constant of the MGU 
RMS: root mean square value 
RW: vehicle wheel radius 
SC: supercapacitor 
UDC: urban driving cycle 
t: time 
TF: constant friction torque of the MGU 
TMGU: torque delivered by the MGU 
TMGU,max: maximum torque that the MGU can deliver (as motor) or receive a(as generator) 
TMGU, CL: MGU torque limit imposed by the maximum allowed current iMGU,max 
TMGU, SL: MGU torque limit imposed by the maximum power output of the supercapacitor 
TMGU, stall: peak stall torque of the MGU 
v, v(t): vehicle speed, as function of time t 
VMGU: voltage on the DC side of the MGU controller 
VMGU, max: maximum allowed voltage on the DC side of the MGU controller 
VSC: instantaneous working voltage of the supercapacitor 
VSC, max: maximum allowed voltage of the supercapacitor 
WLTC: worldwide harmonized light vehicles test cycles 
xPC: normalized output power from the power converter 
xPC,in: normalized input power to the power converter 
α(t): MGU angular acceleration (function of time) 
δa: air density 
ηD: efficiency of the final differential gear 
ηG: efficiency of the gear between MGU and drive shaft 
ηMGU: efficiency of the MGU 
ηPC: efficiency of the power converter 
ηPC*: power converter efficiency at its maximum output power 
ηSC: efficiency of supercapacitor 
ηT: efficiency of the vehicle main transmission 
τD: differential gear ratio 
τG: MGU gear ratio 
ω(t): MGU rotational speed (function of time) 
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